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Abstract

How can we stimulate an interest in mathematics from an early age? In early
childhood education, children are often asked to create or complete patterns,
such as threading a yellow bead, then a red one, then a yellow, then a red, and so
on, on a necklace. These activities are sometimes seen as exercises to develop
fine motor skills, writing, or artistic expression. However, we demonstrate that
they are primarily a powerful stimulus for the development of mathematical
skills, particularly in geometry and logic.

Indeed, the study of patterns leads children to form numerical and geometric
abstractions that they can transfer from one domain to another. Recognizing the
same pattern in a sequence of musical notes and in a row of beads draws the
child’s attention to the abstract properties of numbers, symmetries, rules, and
written notations. This is why we propose making pattern-based activities more
systematic in early childhood and the early years of primary education, and we
present a hierarchy of activities that can be used in the classroom.



What is a pattern?

Every early childhood teacher knows
that children love arranging colored
blocks, alternating musical sounds
orvocal patternsin a regular manner,
or repeating graphic symbols one
after another as soon as they learn
to hold a pencil. When asked about
these activities, teachers report that
they are essential for developing
fine motor skills, writing, and aesthe-
tic and musical sense. But what do
all these activities have in common?
They use what are generally called
"patterns” (or "motifs" in French),
meaning sequences or configurations
of objects (visual, auditory, or even
tactile) organized spatially or
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temporally according to defined
rules. In other words, these are
sequences in which we recognize a
certain order and predictability, to
the point that we could extend
them. Here are a few examples
(Figure 1): blue cubes alternating
with yellow cubes along a line; the
high-pitched sound of a whistle
alternating with the low-pitched
sound of a drum, while gradually
increasing the number of repeti-
tions of identical sounds; or geome-
tric shapes repeating on wallpaper.

Whatever the medium, we are
constantly surrounded by a variety
of patterns. It is therefore not surpri-
sing that understanding patterns is
included in the national curricula
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Figure 1. Examples of patterns: a series of alternating colored cubes; alternation with increasing
repetition of high-pitched and low-pitched sounds; wallpaper patterns.
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Figure 2. Example of an activity to improve "graphism" (fine motor skills for writing)

of France and many other countries.
Under the term "graphism," many
textbooks  propose  creating
repeated geometric patterns, often
as a preparatory activity for writing
(Figure 2), and many early child-
hood and primary school teachers
use them during their lessons. Scien-
tific research from recent decades
supports teachers: playful activities
with patterns seem to enhance
abstraction skills far beyond simply
improving writing or aesthetic
sense, as we will see in the following
sections. But what do patterns have
to do with abstraction?

Different domains, same
abstract structures

Children (and adults) encounter
patterns in very different domains:
drawing, writing, music, and mathe-
matics, to name just a few. However,
whether they are visual, auditory,
or mathematical sequences, the
abstract structure of the pattern
can be the same. In each pattern,
we can recognize a minimal unit
(points, blocks, numbers, sounds)
that is repeated in space and/or
time according to one or more
precise rules. To clarify the concept,
let’s take two examples: one visual,
the other auditory. As we can see
in Figure 3, a red square is followed
by a blue square (which in this case
form a "minimal unit"), followed in
turn by two red and two blue
squares, and finally three red and
three blue squares; in this pattern,
the rule is clear: we alternate two
different colors, but with each alter-
nation, we add one square of each
color, so that their number increases:
11,2,2,3,3... Now let’s take the
auditory example from Figure 3; the
alternation of the two notes is deter-
mined by the same rule used for the
sequence of colored blocks: do, fa,
do, do, fa, fa, do, do, do, fa, fa, fa,
etc. In this example, the minimal
units have a different appearance
(colored squares or musical notes),
but the rule is the same: in other
words, these patterns are two distinct
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Glossaire

Pattern: An ordered arrangement of elements that repeats according to a certain rule. These elements can
be objects, two- or three-dimensional geometric shapes, sounds, numbers... Two patterns can have a different
physical manifestation (for example, a sequence of sounds or a series of colored blocks) but be organized
according to the same abstract rule (for example, the alternation of two elements one after the other:
ABABAB).

Rule: An abstract formula that determines how the elements of a pattern are organized. The rule is abstract,
independent of the physical pattern by which it is illustrated: the same rule can be represented by a pattern
composed of sounds, objects, numbers, etc. Recognizing the underlying rule of a given pattern allows us
to predict its evolution. There are simple rules (such as the repetition of the same element—AAAA—or the
alternation between two elements—ABAB) and more complex rules, which provide, for example, an increasing
progression in the number of appearances of each element (e.g., ABAABBAAABBB), pairs, triplets, symmetry...
or even a nesting of these concepts.

Mental Program: A mental representation that a human makes of the rule to which a pattern obeys. Such
a program allows compressing a pattern so that it takes up less space in memory (ABABABAB... = "an
alternation"). It structures and guides thoughts and actions related to the presented pattern (for example:
copying it, transposing it, or completing it). A mental program may not respect the true rule underlying the

pattern, especially when it is complex and difficult to compress.

physical manifestations of the same
rule, which could be noted as the
abstract formula"ABAABBAAABBB."

It is therefore clear that the notion
of a pattern is profoundly abstract,
as it does not depend on the
concrete unit to which it is applied.
Furthermore, the recombination of
a limited number of rules can give
rise to superficially very different
pattern manifestations. Finally, it is
important to emphasize that the
recognition, memorisation or
(re)production of a pattern are
obviousky determined by the level
of concreteness or symbolic abstrac-
tion of its minimal unit — manipula-
ting colored blocks is not the same
as manipulating a sequence of
numbers —as well as by the quantity
and typology of rules applied to it
- the notion of « repetition » is
certainly more inutuitive than that
of «increasing number ».

Mathematics: the
science of patterns

Modern mathematics is often defined
as the science of patterns or regula-
rities’: one could almost say that
the goal of mathematics is to find,
formalize, and reuse patternsin the
world around us. While algebraic
formalization (i.e., using letters
instead of numbers) is difficult for
children just beginning to study
mathematics?, patterns are often
used to introduce algebra in an
intuitive way?.

Scientific research has proven that
humans perceive mathematical
patterns very early on. When shown
a geometric shape, asked to copy
a drawing, or made to hear a series
of sounds, both adults and children
quickly grasp the abstract logic (see
the box on "Cognitive psychology
and neuroscience of mental
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Figure 3. Pattern following the same rule but represented in two different modalities: visual and

auditory.

programs"). The simpler the pattern,
the better their memory (for
example, an ABAB... alternation is
easier to remember than an
AABBAABB... sequence)’. Enumera-
ting a collection of objects is easier
for them when they can mentally
organize it into repeating subgroups®,
particularly if these subgroups are
arranged according to the same
visual pattern®. They are capable of
recognizing regular functions,
whether linear (a straight line) or not
(a zigzag), when represented in
graphical form”. They can even
combine geometric shapes to form,
for example, "a square made of
small circles"™?, a highly abstract
concept that surpasses what other
animals can conceive®.

Thisunderstandingisintuitive, "proto-
mathematical": it requires no formal
knowledge of algebra or geometry.
On the contrary, the most recent
scientific research suggests that,
from early childhood, engaging in
playful and intuitive activities
focused on recognizing and using
patterns can facilitate the develop-
ment of not only visuo-spatial skills
and reading/writing abilities but also
mathematical learning™. In the follo-
wing paragraphs, we first present
the developmental trajectory of
understanding and manipulating
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proto-mathematical patterns, then
we focus on studies suggesting a link
between pattern comprehension
and mathematical skills.

Understanding patterns
across child
development

If the visual and auditory recogni-
tion of simple sequences is possible
from birth™, it is only from the age
of 3 (i.e., when starting preelemen-
tary school) that the child shows
the ability to recognize and produce
patterns. At the age of 3, children
are able to recreate simple combi-
nations of 2 to 3 blocks by copying
a given model® (Figure 4, left). At 4
years old, they can reproduce,
extend and abstract different
patterns such as ABAB, AABBAABB,
and ABBABB" (Figure 4, center), but
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not all of them are yet able to extract
and indicate the minimal unit that
is repeated. Furthermore, at 4 and
a half years old, when presented
with simple patterns such as those
in Figure 4, they are able to copy
them using elements different from
those to which they were exposed
(i.e., different shapes and/or colors;
Figure 4, right). This transposition of
arule from one medium to another
is facilitated when the patterns are
described using abstract labels (for
example, with the letter series
ABAB)®.

They are also better able to genera-
lize from three-item patterns, such
as ABA, when their attention is
drawn to the lateral position of the
two marginal elements relative to
the central element (Figure 5)%.
These two studies clearly suggest
that working on the abstract dimen-
sion of patterns is not only possible
but also useful from the first years

Au-dela de 4 ans
Transposition d’un motif
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Figure 4. Progression of children's abilities. At age 3, children can copy a pattern composed of
a few elements. At age 4, they can extend different patterns (with different minimal units
subject to repetition, indicated in red): ABAB, AABBAABB, and ABBABB. Around age 4 and a half
(and older), they can also transpose a pattern, meaning they can reproduce it using different
shapes.
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une dimension deux dimensions

Figure 5. The top pattern has the same abstract structure as the bottom patterns (ABA). In the
first, the size ratios are respected; in the second, the size ratios are not respected, and B has a
different color from A.

of preelementary school. However,
at the age of 4, children still seem
unable to extend patterns with
increasing numbers, such as those
described earlier in Figure 1 (middle
line)?°, which suggests that their set
of mental programs is limited to
simple operations of repetition and
alternation. At the age of 4, they
also struggle to recognize the same
ABA pattern if it is presented with
elements that differ in more than
one dimension™ (Figure 5, right): in
other words, their abstraction skills
do not seem to withstand too signi-
ficant variations in the appearance
of the stimuli. This task is correctly
performed at the age of 6.

Indeed, itis from the age of 5/6 that
the ability to manipulate patterns
explodes: at this age, children are
now able to extend a sequence of
objects organized according to
different patterns, regardless of the
physical characteristic that varies
(shape, color, size...?").

Link between
understanding patterns
and spatial and
mathematical skills

Several studies suggest that there
is a close link between the ability to
understand patterns and spatial and
logical-mathematical = skills.  We
mainly distinguish two types of
studies: correlational studies (which
find correlations between the ability
to understand patterns and other
cognitive abilities) and interventional
studies (which seek to measure
whether training in the former can
lead to an improvement in the
latter).

In the specific case of colored
bricks like Lego, which are among
the most commonly used tools in
education to stimulate pattern
comprehension, it has been
observed that the time children
spend playing with them is
correlated with the spatial abilities
of 5.5-year-olds??. At age 3, the
ability to copy patterns presented
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as colored blocks is correlated with
numerous numerical comprehension
tasks, including enumeration,
number ordering, and nonverbal
arithmetic™.

Pattern comprehension skills also
appear to be correlated with
proportional understanding (tasks
involving the comparison and
reproduction of  proportions
presented in nonsymbolic forms?3).
Even among older children (10 years
old), the ability to manipulate
numerical patterns continues to
correlate  with mathematical
performance?.

It is important to note that the
studies presented so far cannot rule
out the possibility that the link
between pattern comprehension
and mathematical abilities is
explained by a general improvement
in visuo-spatial or intellectual
capacities. There is indeed a strong
correlation between the ability to
copy and extend patterns and visuo-
spatial working memory?® (the
cognitive function that allows us to
retain multiple objects and their
positions in memory). However, two
recent studies seem to indicate a
strong and specific correlation
between these two abilities, even
when accounting for
intelligence? and spatial skills™.

Even stronger evidence of the
existence of a link with mathematical
skills comes from interventional
studies, where students are trained
and it is verified whether this
learning induces an improvement
in other skills—only these studies
can indicate to us whether there is
a causal link between two or more
cognitive functions. Six months of
training (15 minutes, three times a
week) for 6-year-olds, aimed at
stimulating the understanding and
manipulation of different types of
patterns (including repetitions,
rotations, symmetrical
transformations, reading the time,
etc.), led to a significant
improvement in their skills in this
area? and also to improvements in
mathematics and reading?®
compared to students who had

received in-depth instruction in
other school subjects. Four short
lessons on patterns and the
concept of the minimal repetition
unit, given to 9-year-old students,
also appear sufficient to facilitate
discussions about fractions and
proportions?®. However, these
results should be interpreted with
caution, as they are not always
replicated: indeed, a recent study
showed that 30 minutes of weekly
training for 20 weeks using patterns
based on repetition and increasing
number rules led to improved
comprehension of these patterns,
but without significant transfer to
broader mathematical knowledge®.

However, it is important to note
that many authors warn readers
against the risk of overestimating
the results presented so far: most
studies indeed show weak or
moderate correlations®. However,
much more significant effects could
be observed if different, more
abstract objects than those generally
used in preelementary school were
used. Activities involving the
production of bead necklaces or
sequences of colored bricks,
especially if practiced excessively
with the same ABABAB alternation
pattern, do not do justice to
children's abstraction skills™.

Beyond visual patterns:
Music

The studies presented so far have
used visual patterns. But humans
are perfectly capable of learning
the underlying rules of complex
auditory patterns, such as binary
sequences of sounds®. Children are
exposed to musical patterns from
a very young age: one need only
consider nursery rhymes (an
example is provided in Figure 6),
which are often structured according
to repetition and alternation rules.

From just a few months after birth,
children are naturally attracted to
simple musical rhythmic patterns33,
and it has also been suggested that
listening to and reproducing
nursery rhymes containing
expressions organized according to
defined patterns could foster an
interest in mathematics®3. The
visual representation of auditory
patterns also appears to improve
musical skills®¢, and both types of
representations share, at least in
part, the same brain networks¥. This
once again suggests the importance
of presenting the same patterns
through different sensory modalities
to help children move toward
abstraction.
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Figure 6. Example of a nursery rhyme following a pattern created by a rule of repetition,
alternation, and novelty. To facilitate pattern recognition, the same elements have been
underlined in the same color. The pattern is as follows: AXX AXY, BXX BXY, CXX, CXY, etc.
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However, experimental results are
mixed: some studies have suggested
that intense musical practice im-
proves mathematical skills®#3° and,
more specifically, seems to enhance
the ability to manipulate geometric
shapes and symmetrical patterns?.
Other randomized studies, however,
have shown no improvement in
mathematical skills following musical
training®'.

Musical practice might also have
effects that extend beyond
mathematics, improving reading
skills*? (which also benefit from
training aimed at distinguishing
recurrent letter patterns®). Musical
practice is also correlated with
grammatical comprehension in
school-age children*. While it is
reasonable to think that music and
mathematics share something unique
compared to other disciplines (the
need to understand and manipulate
patterns), the data are still very
limited, and further research will be
needed to explore the true nature
of the link between patterns, music,
and mathematics.

Recommendations for
Teachers

Based on the scientific studies cited
above, we propose pedagogical
recommendations for preelemen-
tary and early primary school
teachers(Year 1-CP). The ideais to
have their students practice, more
systematically, various activities
centered on patterns (Figure 7).

1. Focus on the abstract aspect
of patterns

It is important that the child is
aware that the pattern does not
depend on the presence of specific
elements. In other words, the
teacher must help the child abstract
the set of rules that make up the
pattern and dissociate them from
their physical manifestation. To
promote this abstraction process,
it may be useful to refer to the

elements that make up the model
using labels that have no connection
to the particular object (for
example, letters of the alphabet,
ABAB, or invented names like "pouf
bim pouf bim"). Research also
suggests that it is important to
emphasize  the relationships
between the elements that make
up the pattern, focusing on aspects
such as symmetry and order.
Patterns are an  excellent
opportunity to introduce, as early
as preschool, part of the vocabulary
of numbers and geometry (pair,
triplet; repetition, mirror,
symmetrical; front, back; square,
triangle...).

2. Propose patterns in different
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Figure 7. Examples of comprehension, manipulation and production activities with patterns.

The links between mathematical,
musical, reading, and writing skills
likely depend, at least in part, on
the shared use of abstract rules.
Presenting students with examples
of patterns from all these disciplines
(geometric figures, numerical series,
sound sequences, nursery rhymes,
repetitions of graphic signs) could
promote abstraction and enable
students to generalize skills acquired

in one modality to another
Although studies aimed at
determining the concrete

possibilities of generalization are
still ongoing, it seems reasonable to
stimulate the recognition and
manipulation of patterns across all

Copier le motif en utilisant des formes
différentes (et des étiquettes abstraites pour

Détecter I'intrus dans le motif présenté.

Compléter le motif en y ajoutant I(es)
élément(s) manquant(s).

Compléter le motif ou la figure en réalisant
son image symétrique.

Créer des motifs en utilisant librement des
A p objets donnés et décrire ensuite le motif créé.

Prolonger un motif auditif en jouant (ol en

chantant) la suite d’une série de notes ou de
phrases (comme dans une comptine).

Prolonger un motif visuel a I'aide d’un stylo ou
d’un feutre.

Reconnaitre les motifs dans les objets et dans
la nature et ensuite les décrire et les reproduire.

Suivre un motif visuel avec des mouvements
spécifiques du corps (comme dans la marelle) ou

Choisir le motif qui correspond a I'exemple
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disciplines and modalities that offer
this opportunity.

The very idea that a sequence of
sounds can be represented by a
series of letters, from left to right,
is the foundation of writing and
musical notation. Playing games that
involve writing down the patterns
one hears or transcribing them using
stickers or colored bricks can
prepare students for reading as early
as preschool.

3. Use different media, different
patterns, and different tasks

Beyond the specific discipline or
modality, it may be important to
vary as much as possible the material
used during activities involving the
use of patterns. Let’s take the most
classic example, namely the
presentation of patterns in a visual
way: most of the studies presented
in this text use small objects (beads)
or colored bricks organized in a
sequence. However, the exclusive
use of these tools may not allow
children to express all their
understanding of patterns. Working
memory has its limits, especially in
the youngest children: for example,
it is very difficult for a 4-year-old
child to reproduce a pattern whose
minimal unit consists of more than
3 or 4 different elements, simply
because they would have difficulty
remembering such a quantity of
items. This does not mean,
however, that they are not capable
of recognizing much more complex
patterns than the simple repetition
and alternation programs presented
in this text.

In this regard, activities using paper
and pencil, where students are asked
to continue a geometric border by
following the pattern, seem
particularly useful. In this case, the
emphasis should also be placed not
(or not only) on the strict adherence
to motor gestures and precise
relationships between graphic signs
(in terms of, for example, size and
dimension), but above all on the
underlying abstract rule. This
approach aims to highlight the

recognition of structures and
sequences beyond the mere
improvement of fine motor skills.

4. Stimulate multiple proto-
mathematical intuitions

Some preelementary classes limit
themselves to very restricted and
relatively simple patterns (a red
bead, a yellow one, a red one, a
yellow one..), and this without
explicit reference to mathematical
vocabulary. We propose, on the
contrary, to use more complex
patterns that stimulate students'
imagination and abstraction, and
to introduce them, more or less
implicitly, ~to  many  proto-
mathematical concepts. More
concretely, we propose the following
sequential and geometric patterns.

Sequential patterns

The proposed patterns should go
beyond simple alternating series (of
the ABAB type, i.e., with a single
element per group) to include
repetitions of groups of two
(AABBAABB) or three elements
(AAABBBAAABBB).  Additionally,
especially for older students, it may
be useful to introduce series where
elements alternate following an
increasing or decreasing
progression in the number of
repetitions (such as ABAABBAAABBB
or AAABBBAABBAB). Such series
provide an opportunity to introduce,
very early on, concepts that are
notoriously difficult for many
children to grasp, such as
proportions and fractions. This can

be done through questions to the
child: "What do you think: did you
use as many yellow beads as red
ones? Why?" These sequences,
presented for example as necklaces
(Figure 8), can also be an
opportunity to introduce
mathematical concepts without
explicit reference to numerical units
and without requiring arithmetic
calculations. Developing the
pattern "ABBABB" encourages
reflection on the notion of fractions
("Two out of three beads are red,"
"There are twice as many red beads
as yellow ones," etc.).

The necklace on the left in Figure
8 should encourage the child to
discover on their own that "half of
the beads are blue." On the right,
the repetition present in the
pattern ABCABCABC can encourage
them  to  discover  certain
decompositions of small whole
numbers: "There are 3 groups of 3
beads, making 9 beads in total."

Geometric patterns

Geometric patterns are another
excellent example of proto-
mathematical activities. In addition
to the activities already mentioned
above (such as completing spirals
or Greek borders), it may be useful
to offer students activities based
on assembling simple geometric
shapes, a game that is becoming
increasingly popular among
educational and recreational
activities available commercially
(Figure 9). Assembling a hexagon, as
shown in the figure, from different
shapes can stimulate an intuitive

Figure 8. Examples of necklaces where beads follow sequential alternation rules.
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understanding of various proto-
mathematical concepts, including
recursion ("12 repeated pink

triangles form a hexagon"), fractions
("6 blue blocks occupy the same
space as 12 pink blocks"), or
symmetry ("In how many ways can
| divide each hexagon to obtain two
symmetrical images?").

Figure 9. Exemple of an assembly game of
geometrical forms (here, 21st century
pattern blocks)

Activities of this type also offer a
significant collateral advantage: they
are perceived as artistic and playful
activities, which can reduce math-
related anxiety and, perhaps, the
gender bias. Research has shown
the significant impact of the
stereotype that mathematics is an
activity reserved for boys. This
stereotype deeply influences girls'
math performance in school starting
from first grade (we invite you to
read CSEN Note 3 on this topic).
However, when the same activity of
copying a geometric figure s
presented as "drawing" rather
than "math," this stereotype
disappears, and girls and boys
achieve comparable performance®.
Patterns thus seem to be an ideal
domain for fostering a love of
mathematics in both girls and boys.

5. In primary school, stimulate
algebraic thinking with
numerical patterns

In primary school, with the formal
learning of mathematics and, more
specifically, the introduction of
arithmetic, more complex numerical
patterns can be systematically

incorporated  into  classroom
activities. Indeed, most of the
activities proposed so far in this note
can be reimagined using numbers
instead of sounds or colored blocks.
For example, it could be useful to
present students with simple number
sequences such as 4, 7,10, 13, 16,
19 and ask them to complete them.
The challenge—and thus the
interest—of such a sequence,
where each successive element adds
3 units to the previous one, lies in
actively stimulating the search for
regularity within the sequence.
Unlike simpler sequences like 2, 4,
6, 8, 10, where one might rely on
memorized multiplication tables,
this task requires identifying the
underlying rule.

Other examples of such number
sequences include: 19, 17, 15,
13... (subtracting 2 units), 2, 4, 8, 16,
32...(multiplying by 2), or even mixed
sequences, where different rules
alternate: 3, 6, 4, 7, 5, 8.. (adding 3
units, then subtracting 2).

Searching for the rule in such
sequences serves as an excellent
intuitive introduction to algebraic
thinking, which is typically formally
introduced much later, in middle
school. This approach leads to all
sorts of interesting questions—for
example, by continuing the
sequence 4, 7,10,13,16,19..., can we
reach the number 20? 100? 1,000?
10,000? Why or why not? Can we
provide a general formula for all the
numbers in the sequence? While
these questions clearly go beyond
the scope of first grade, they
illustrate how familiarity with
patterns, starting in preschool, can
serve as an intuitive and accessible
introduction to more advanced
mathematical concepts, stimulating
students' imagination.

Experiments based on exercises of
this type are currently underway in
French schools. Readers are invited
to consult the following excellent
article for further exploration of the
topic: https://afdm.apmep.fr/
rubriques/opinions/des-patterns-
dans-les-classes.

6. Value the multiplicity of
correct answers: A single pattern
can follow different rules and
be formulated in different ways

An objection that could be raised
against the excessive use of activities
centered on patterns is that it gives
students the impression that there
is only one correct answer, i.e., that
each pattern is determined by a
precise and unique rule. If this seems
true for the simplest patterns of
repetition and alternation or for
patterns of a geometric nature, it is
not always the case for more
complex sequences. Let's take, for
example, an activity that would
consist of completing the following
pattern: AB?ABB. The missing
element could be a B if we recognize
the repetition of the ABB pattern,
or an A if we recognize a pattern
based on a"growth"rule of the type
ABAABBAAABBB.... Both patterns
also seem equally plausible, as their
complexity is similar. Through such
examples, the student can be led
to discover that the induction of
the solution is not a simple problem,
and thus enrich their repertoire of
mental programs.

The teacher's role then becomes
particularly important: they must
show students the variety of rules
that can be used to complete
certain patterns, stimulating their
exploration and comparison. This
exploration should always be, at
least in part, guided by the teacher;
otherwise, students risk relying solely
on their own intuitions, which may
be limited.

It is also worth noting that it is
entirely possible to find different
formulations for a single pattern.
For example, the increasing
pattern ABAABBAAABBB... can be
described as "produce one A and
one B, then two A's and two B's, three
A's and three B's, and so on," or
as "alternate A and B, and with each
alternation, add one more A and
one more B." For a young child, it is
not immediately obvious that these
formulations are  equivalent.
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Convincing themselves—and
others—of this equivalence can
serve as a first introduction to
mathematical proof.

7.Combine patterns with explicit
teaching of mathematical
concepts

A danger would be to introduce
mathematical concepts only through
the discovery, by students, of
certain regularities. We would then
fallinto a naive application of what
is called "discovery learning," which
has repeatedly demonstrated its
ineffectiveness*. The scientific
literature suggests that an explicit
teaching of mathematical tools is
indispensable®*, as most students
cannot discover highly abstract
concepts on their own—concepts
that took mathematicians centuries
to invent. The Scientific Council of
National Education has repeatedly
insisted on this point. (We invite you
to read Letter No. 2 of "lLe
Passeur" and to watch the replay of
a conference dedicated to explicit

teaching at the following link: www.
reseau-canope.fr/lenseignement-

explicite.html.)

We propose patterns solely as
a concrete, intuitive, engaging, and
early introduction to the abstraction
processes that will, much later, form
the foundations of far more elabo-
rate concepts, such as bijection,
group theory, symmetry, computer
programs, and more. In preschool,
itis, of course, not a matter of using
these complex terms or their corres-
ponding written notation but simply
of planting the first seeds of unders-
tanding their nature in students.

It thus clearly appears that the
activities proposed here: (1) Do not
replace explicit teaching of mathe-
matical concepts, which remains
essential; (2) primarily concern the
awakening of abstraction in
preschool and the very beginning
of primary school; (3) can also, later
on, help introduce more advanced
concepts (numerical series, two-
dimensional tilings, etc.), and this
up to the highest levels of mathe-
matics (as evidenced by the very

recent discovery of a new type of non-
periodic tiling®™)—but always based on
explicit teaching of the corresponding
mathematical vocabulary and concepts.

Cognitive psychology and neuroscience of mental programs

Music, geometry, and mathematics are based on the use of patterns and structures combined according
to rules that, to be understood, do not necessarily need to be translated into words13. Indeed, scientific
research suggests that the practice of these disciplines (and particularly mathematics) relies on distinct
brain regions separate from the areas involved in spoken or written language51,52. Many studies support
the hypothesis that our brain uses a "language of thought" that does not require words53 but operates
based on "mental programs," somewhat like computer languages, which it derives through induction from
the external world54.

In this hypothesis, the pattern 11223344 would be represented in memory by a kind of mental program: "for
i =14, printi twice." When faced with a regular shape or pattern, the human brain cannot help but search
for the appropriate program, meaning the operations needed to repeat or complete it. For example, when
confronted with a square, our mind "induces" that, to reproduce it, it is necessary to create four sides of
equal length forming four right angles.

Let’s take another example: when we hear the alternation of notes in Figure 3, we recognize an increasing
pattern even before we can formalize in words what we have heard. Recent studies12 also seem to suggest
that humans, when asked to recognize or memorize such patterns, tend to find the simplest and most
efficient rule that allows them to compress the information as much as possible. In other words, instead
of memorizing the exact number of occurrences of each note in the pattern in Figure 3 (a do followed by
a fa, followed by two dos, followed by two fas, and so on), we effortlessly recognize the following
program: "alternate do and fa, and with each alternation, add one do and one fa."

The ability to use such mental programs is present in all humans, adults and children alike, regardless of
their level of education4,13. This ability appears to be unique to the human brain: while animals can learn
certain sequences and rules, they do not converge toward the simplest minimal solution4 that we immediately
recognize as "a square," "an increasing alternation," or "a zigzag."
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Key takeaways

—— Patterns are sequences of items (objects, numbers, sounds...) in which we recognize an
order, regularity, and therefore predictability.

—— Many early childhood and primary school teachers propose exercises based on the
recognition and use of patterns to improve fine motor skills and writing, without
necessarily perceiving their mathematical dimension.

—— Scientific research suggests (without definitively proving) that school activities with
patterns can improve mathematical skills, as they constitute an excellent example of
proto-mathematical abstraction.

—— During their development, children progressively identify increasingly complex regularities
that allow them to understand, extend, and transpose patterns.

—— Toemphasize the abstract nature of the rules underlying patterns, we suggest presenting
them in different ways: the same ABABAB pattern can be presented to students in the
form of sounds, beads, letters, numbers, etc.

—— Beyond simple ABABAB alternations, preelementary school students should be confronted
with more complex regularities, for example, repetitions (AABBAABB...), increasing series
(ABAABBAAABBB...), or involving more than two elements (ABCDABCD...; AABBCC...).

—— We advise teachers to propose different tasks to their students: copying a pattern,
extending and prolonging it, finding the intruder in a sequence, completing a figure with
its symmetrical image, completing a series of numbers...

—— Games and exercises with geometric figures are an excellent way to implicitly introduce
important mathematical concepts (symmetry, half, pair, set, fraction...).

—— The playful, creative, and artistic nature of exercises with patterns could be favorable
to mathematical development in both boys and girls, reducing the stereotypes associated
with this discipline.

—— We suggest that teachers value the multiple abstract formulations that students can
propose for a pattern, but always guide them explicitly in understanding the underlying
mathematical concepts, to which patterns are only a first intuitive approach.
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